FIAN/TD/30-09 
December 2009 



Unfolding versus BRST and currents in 
Sp{2M) invariant higher-spin theory 



O.A. Gelfond^ and M.A. Vasiliev^ 

^Institute of System Research of Russian Academy of Sciences, 
Nakhimovsky prospect 36-1, 117218, Moscow, Russia 

^I.E.Tamm Department of Theoretical Physics, Lebedev Physical Institute, 
Leninsky prospect 53, 119991, Moscow, Russia 



Abstract 

The correspondence between BRST and unfolded formulations of field equa- 
tions on group manifolds and homogeneous spaces is described. The previously 
introduced nonstandard BRST operator, that underlies Sp{2M) invariant higher- 
spin field equations, is shown to admit a natural oscillator- like realization. The 
coordinate independent form of conserved currents in the Sp{2M) invariant higher- 
spin theory is derived from the BRST formulation on Sp{2M) extended by the 
Heisenberg group. 
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1 Introduction 



In [T] it was shown that the unfolded formulation of [2] of Sp{2M) invariant higher-spin 
(HS) theories P i] (see also [5l|6l[71IHll9l[Tni[IIl[ia[13l[Ta[lSl[]rc])canbe equivalently 
formulated as a BRST closure condition for a certain nonstandard BRST operator Q on 
the semidirect product SpH{2M) = Sp{2M)<zHm where Hm is the Heisenberg group. 
The aim of this paper is to clarify the invariant origin of this relation established in jl] in 
a particular coordinate system. 

We start with the discussion of the general relation between the BRST and unfolded 
formulations, explaining in a coordinate-independent way that the two approaches are 
essentially equivalent once the BRST formulation is given in terms of Lie vector fields 
on a group manifold. The relation via identification of the ghost fields of the BRST 
formulation with the differential forms of the unfolded formulation requires however a 
nontrivial relation between space derivatives in the two formulations. 

The proposed approach is applicable to dynamical systems formulated in nontrivial 
geometries of group manifolds and homogeneous spaces as well to their deformations. 
In particular, it is well suited for the extension of the BRST approaches to HS systems 
studied in |T71 118] in Cartesian coordinates in fiat space or via embedding AdS geometry 
into a higher dimensional flat space as in [12] to any coordinates and/or more compli- 
cated geometries. The same time, the equivalence between the unfolded formulation and 
appropriately interpreted BRST formulation in the proposed setup is by construction. 
Among other things, this explains that the obvious parallels between the formalisms and 
conclusions obtained within the BRST approach (see e.g. [18] for a recent work) with 
those well established in the unfolded dynamics |2T] (and references therein) are in no 
way accidental and/or surprising. 

In particular, the equivalence of the two approaches explains that BRST cohomology 
may describe both nontrivial deformations of field equations and nontrivial closed dif- 
ferential forms in space-time, that can be constructed from the dynamical fields of the 
unfolded formulation, i.e., conserved currents. The latter relation is applied in this paper 
to the further study of the BRST formulation of Sp{2M) invariant HS gauge theory of [T]. 
Firstly, we show that the complicated nonstandard BRST operator found in [1] has sim- 
ple origin in the oscillator realization of the symplectic algebra. Secondly, we show that 
the conserved charges proposed in |16j correspond to certain BRST cohomology, which 
observation provides their coordinate-independent realization. 

The rest of the paper is organized as follows. In Section [2] we explain the general 
relation between the unfolded and BRST formulations. To make the paper selfcontained, 
we recollect in Section [3] basic formulae of [1] on the Sp{2M) invariant HS theories. The 
new oscillator-like realization of the nonstandard BRST operator of [Ij is introduced in 
Section HI The construction of closed forms from solutions of dynamical equations is 
presented in Section first for the general case in Subsections 15. 15.21 and then for the 
SP{2M) geometry in Subsections 15. 3^ The latter results are applied in Section E] to 
the coordinate-independent construction of conserved currents bilinear in HS fields, that 
reproduces the previously known results in particular coordinates. Possible apphcations 
to unfolded equations are discussed in Section [3 
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2 BRST operators and unfolded equations 

Consider a Lie group G and its Lie algebra q. Let i?Q (a = 1, . . .dimG) be right Lie 
vector fields on G that satisfy 

[Ra , Rp] = fal3^R-y , (2.1) 

where fai3^ are structure constants of g. Let Tq, form a basis of some representation T 
of g 

Provided that the ghosts c" and 6a obey the relations 

{c°,M = '5^ K,c'^} = 0, {6,,64 = 0, (2.2) 
the BRST operator 

Q = c^{R^ + - ic^c'^fo^A/ (2.3) 

is nilpotent 

Q' = 0. 

That the equation 

{Q,c^} = -^c-c^f^^\ (2.4) 

has the Maurer-Cartan form upon identification of Q with d suggests that, being dual to 
the Lie vector fields R^ on G, the ghosts c° should be identified with the Cartan forms on 
G. However, the naive identification fails because it is assumed that [R^ , c'^] =0 while 
the Lie vector fields Ra = Ra"'{x)^ do not commute to the x-dependent Cartan forms 
[x"" are coordinates on G). 

To proceed, it is necessary to redefine the notion of the vector fields appropriately. 

Let 

Ra = Ra''{x)pa, (2.5) 
[Pa,/(x)] = ^/(a;), [Pa,p,] = 0. (2.6) 

The equation (12. ip amounts to the standard Lie conditions 

Rj{x) Rp\x) - Rp\x) Ra%x) = fo.pm,\x) . (2.7) 
The Cartan forms 

u"" = R-\''{x)dx\ (2.8) 

where the differentials dx"' satisfy dx^} = 0, [dx"", f{x)] = 0, obey the Maurer-Cartan 
equation 



4 



(We systematically skip the wedge symbol throughout this paper.) The key point is to 
set 

Pn = ^--''b.K^iR-^^). (2.10) 

An elementary computation shows that p„ satisfies the relations (12. 6p . In addition, we 
can identify u"' and 



smce 



K'^"] = ^(^" -"(^))^^"'-c''^^^(i?-V(x)) 



= 0. 

c-'=uj-i 



With this identification we obtain from (12. 3 p along with (I2.10p and (12. 8p 

Q = oo'^iR^ + T,) - l-uj''uj%Ui3"' = ^""{Rai^ +T^) = D, (2.11) 
2 ax" 

where D is the covariant derivative in the representation T of G 

d 



D = d + u"T^, d = dx'^- 



In these terms, the condition = is equivalent to 

^2 = 0, 

which, in turn, is the consequence of the Maurer-Cartan equation (12. 9p . 
Thus, the BRST closure condition 

Q</) = (2.12) 

is equivalent to the unfolded equation 

L)0 = O. (2.13) 

Hence, Q cohomology is equivalent to the D cohomology. In particular, in the case where 
the representation T is trivial, Q cohomology is equivalent to De Rham cohomology 

QF(x, c) = G(x, c) dF{x,u) = G{x,u). (2.14) 

This simple property will be used in this paper to derive conserved HS currents from the 
appropriate Q-cohomology. 

The equivalence between the BRST approach and unfolded approach shown in this 
paper contains two essential elements. 

One is that the BRST operator should contain Lie vector fields of a chosen group G 
which form a frame of the tangent space of G. As a result, the full set of derivatives on 
G reappears in the unfolded formulation via the exterior differential d. 

Another one is the relation (I2.10p that tells us that, for the identification of the BRST 
operator Q with the exterior differential, the operator p in Q should be interpreted as a 
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covariant derivative fl2.10p that acts on the space of ghosts (forms). Note that, in accor- 
dance with the second relation in f l2.6p . Pn fl2.10p is flat. Indeed, the Gldimc connection 
in fl2.10p has the standard pure gauge form with the Lie matrix Rn°'{x) as the gauge 
function. 

To arrive along these lines at interesting field equations one has to consider appropriate 
representations T and/or further nonstandard modifications of the BRST operator Q. The 
examples of this construction will be considered in Section HI where it will be shown in 
particular how the Sp{8) unfolded equations of [2] result from the nonstandard BRST 
operator. 

Another interesting application is to the BRST reformulation of nonlinear HS theories 
that may involve higher differential forms as dynamical variables. To this end the space 
of ghosts c" should be extended to a larger set that includes objects of different non- 
negative degrees p"^ = 0, 1, . . .. Correspondingly, the space of ghosts ba extends to of 
degrees —pA- The graded commutation relations are 

[Ba,C% = 5^, [Ba,Bb]± = 0, [C^,C^]± = 0, (2.15) 

where 

[a,6]± = a6- (-l)f('^)p(^)6a. (2.16) 
The idea is to extend the BRST operator as follows 

Q,^Q', = Q, + Q (2.17) 

where Qg is the canonical BRST operator built from the vector fields of some group Lie 
G while Q is some other BRST operator built from the ghosts C and B, that is also 
nilpotent = 0. The field equations require the equivalence of the action of Qg and Q 
on every dynamical variable W = W{C, B) 

Q,{W) + Q{W) = Q. (2.18) 

Upon the field redefinition explained above, this amounts to the unfolded equations 

dW+Q{W) = {), (2.19) 

in which form unfolded equations, introduced originally in [20] in the study of HS gauge 
theory, were discussed more recently in [21] (see also [221 IIHI fo^' more detail and refer- 
ences). Let us note that in this setup Q cohomology describes nontrivial deformation of 
the nonlinear equations (12.191) . 

A remarkable feature of unfolded dynamics is that it is insensitive to the dimension 
of space-time where the fields are defined. This property is nicely illustrated within its 
BRST version discussed in this paper applied to the coset space construction. 

Let if be a subgroup of G. The space of functions on G/H identifies with the space 
of solutions of the equations 

i?,F(G) = 0, (2.20) 

where Ra is a subset of right vectors field of H. The algebra Lie q acts on solutions of 
fl2.20p by the left vector fields La- The equation (12.201) results from the restriction to the 
sector of c-independent F{G) of the condition 

g^F(G,c) = 0, (2.21) 
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where Qf, is the canonical BRST operator of H and ba is reahzed as ^ . 
The extension of fl2.20p to the induced module construction is 

{Ra + Ta)F{G) = 0, (2.22) 

where F{G) is valued in some if-module V and Ta provide a representation of the Lie 
algebra i) of H on V. In what follows we will be interested in the particular case with a 
one dimensional iZ-module V. In this case, F{G) is still valued in M or C and is given 
by some constants associated to central elements of the grade zero part of f). The equation 
fl2.22p results from the restriction to the sector of c-independent F{G) of the condition 
fl2.2ip . The BRST extension of the equation fl2.22p to F{G, c) is conveniently interpreted 
in terms of the Fock module generated from the vacuum that satisfies ba\0) = 0. 

In the unfolded dynamics approach, the phenomenon illustrated by the example of 
a coset manifold, that a theory in a smaller space G/H can be described as that in a 
larger space G, extends to less symmetric situation^ where the symmetry G is broken or 
deformed. As a result, the concept of space-time dimension turns out to be dynamical in 
unfolded dynamics. 

To apply this approach to the analysis of the Sp{2M) invariant HS field equations let 
us first recall main ingredients of the formalism of [Ij. 

3 Preliminaries 

3.1 Heisenberg extension of symplectic group 

The group Sp{2M\'R) is constituted by real matrices 

G= ) (3.1) 



CCB dc' 

with M X M blocks a^B , , Cab , that satisfy the relations 

a^^ljDC _ ^D^^Ac ^ a^cdB^" - b^^'cBc = 5^b , CBcdA"" - CAcdB"" = (3.2) 

/ Q jA 

equivalent to the invariance condition ARA^ = R for the symplectic form ~ ( j d g 

where / is the unit M x M matrix and A* is the transposed matrix. 

Any g G Sp{2M\M.) with nondegenerate d (13. ip can be represented in the form 

a^B b^^ \ _ f 6^E \ f A^'g 0\ f 6^b 



CDB do"" V 5z)^ ; I ; I Chb 



(3.3) 



This gives 



a% b^^\^ ( A^b + X^^Vf^Ccb X^^Vp^ 
CDB do^ ) V Vd'^Cgb Vrf 



^Strictly speaking this is true for the so-cahed universal unfolded systems [22] which case is however 
general enough to cover all known examples of unfolded equations. 
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where 

A^B = id-')B'', X^'' = b^^'A''c, Cba = ccbA^a (3.4) 

can be chosen as local coordinates on Sp{2M\'R). Note that = and Cb a = Cab 
by virtue of the identities 

- CBAd-'c"" + CBcd~\'' = , -h^'^d'^^ + h^^d~\^ = 0, 

which follow from (D- Note that Va^ = dA^ ■ 

Sp{2M\M.) contains the following important subgroups. The Abelian subgroup of 
translations T consists of the elements 

t{X) = ( / ) (3-5) 

with various X^^ = X^^. The product law in T is t{X)t{Y) = t{X + Y). 

Analogously, the Abelian subgroup S of special conformal transformations is consti- 
tuted by the matrices (13.11) with a = d = I, b = 0. The subgroup GL{M) of general- 
ized Lorentz transformations SL{M) and dilatations consists of the matrices (13. ip with 
b = c = and a^cdA^ = ^a ■ 

The lower Pi(]R) and upper Pu(R) maximal parabolic subgroups of Sp{2M\M.) are 

P,3p^(:°). (3,6) 
Let Hm = IR*^ X M^^ X M} be the (2M-|- 1)— dimensional Heisenberg group constituted 

by 

^={f,u}, f=y^,WB, A,B = l,...,M (3.7) 
with the product law 

TxO ^2 = {f 1 + f 2 , Ml + M2 - (f 1 , f 2)} , 

where ( , ) is the symplectic form 

(f 1 , f 2) = W2A - Z/2^ W^A = -(f 2 , f 1) , A = 1, . . . , M. (3.8) 



Sp{2M\M.) \^Sp{2M\C)j acts canonically on Hm \^Hmj which is the manifestation 

of the standard fact that Sp{2M) possesses the oscillator realization (see e.g. [23]). This 
makes it possible to introduce the group SpH{2M) = Sp{2M) <zHm 

SpH{2M) : g = {G,J^}, Ge Sp{2M), T = {f , u} e Hm (3.9) 

with the product law 

g,og, = {G,G2 , f 1 + Gif 2 , ni + U2- (f 1 , Gif 2)} , 
where ( , ) is the symplectic form (13. 8 p and 
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Analogously, a rank r Heisenberg extension SpHr{2M\K) is introduced for any field 
A and r G N as 

SpHr{2M\A) = Sp{2M\A) <X Hm{A) x ■ • • x Hm{A) (3.10) 

^ V ' 

r 

with coordinates 

I//, WjB, Uj, j = l,...,r. (3.11) 

When it does not lead to misunderstandings, we will use shorthand notation like SpH in- 
stead of SpH{2M\R) etc. Note, that SpHi{2M) = SpH{2M) and SpHo{2M) = Sp{2M). 

The lower quasiparabolic subgroup PHi{2M\M) = Pi (KH^ C SpH{2M\M.) consists of 
the elements 

PH.(2Mm = { (^^: O.P-P}^ 
Possible local coordinates on SpH/ PHi are 

XAB ^ Y^ = y^-WBX^^. (3.12) 

Analogously we define SpHr/PHi^ with local coordinates X^^ and Yi^, . . . , Y^^ . In the 
case of r = 0, this gives the Lagrangian Grassmannian with X^^ being local coordinates of 
its big cell Ai m- Indeed, from Eq. (13. 3 p it follows that any element (13. ip of Sp{2M\M.) with 
det\d'^B\ 7^ 0, which condition singles out the big cell of the Lagrangian Grassmannian, 
belongs to some equivalence class associated to a point of A^m- 



3.2 Vector fields 

Any Lie group G possesses two mutually commuting sets of left and right Lie vector fields 
and Ra {a , (3 = 1,2,..., dim G), where indices a , (3 , . . . enumerate a basis of G, each 
forming the Lie algebra g of G 

[Ra ,Rp\ = faP^Rri , [La , L = f Lj^ , [i?^ , L^] = . (3.13) 

The straightforward calculation of Sp{2M) right vector fields in the coordinates (13. 4p . 
(EUD gives 

E D ^ E ^ ^ 

Rab = —2A aA b qj^de {bC-a)d qj^^ — \-2CadC-be^ — , (3-14) 



R^^ = 2 ^ 



OCab' 



d .n d 



Ra^ — —2Caci^ •A'^A- 



OCbc dA^B 

SpHr{2M) right vector fields contain in addition the Heisenberg vector fields 

nc . P„c(^.«_^^_A_,(.,/.,„,,^M.)^). (3,5, 



R,A = --4"^(a|M+'"i«/£-)-c^A'fl/. 



dUj 
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where j = 1, ...,r. Note, that for r = 1 the index j will be omitted. 
In the same local coordinates, the left Heisenberg vector fields are 

Nonzero commutation relations of (right) vector fields of SpH^ are 

[R'^B , Rce] = —^c-^BE — ^E^BC , 

[RaB , R'~^^] = S^R^B + ^bR^A + ^A^^B + S^R^A 

and 

[R'^B , -Rj*"] = ^^Rj"^ } [R'^B , Rjc] = —^c^jB , 

[RaB , Rj^] = ^B^jA + ^A^jB , [-R^^ , Rjc] = —^C^i^ ~ ^C^j^ 

[RkA , Rj^] = ^kj^^Rj ■ 

In the case of r = 2 it is convenient to introduce 

l/±^ = ± ^2"^, W±A = {WiA±W2a), U± = {ui±U2), 

i?±^= i(i?/±/?2^), R±a=URiA±R2a), R± = \{Ri±R2). 

Eqs.f l3.15|) acquire the form 



= 2-^ 



9m _ 



^, <9 „n4 d 1_ n 1,, n <9 

D 



(9iy+z) dy+^ 2 9m+ 2 (9u_ 

T-. ad f 9 1 9 1 "9x^^75 



R 



d 



+ 



where = - WiAX^"^. Note that 

[R±A , R±^] = 2^A-R+ 5 [-R±A , Rt^] = 2^aR- ■ 

The nonzero anticommutation relations of the ghosts of spfig are 

{c^^ , bcE} = 1{6PE + SlS^) , {cab , &^^} = + , 

{c^B,b''E} = Si6^, {c^,bc} = 6i {c,A,b,''} = 6}6i, {c,b} = l. 
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Using conventions (13.191) along with 



C±A = CiA ± C2A , C± = Ci ± C2 , C± = Ci ± C2 , (3.23) 

fe±^ = ^(&/ ± &2^) , &±A = ^(felA ± &2a) , &± = ^(fel ± &2) , 

one can see that the canonical BRST operator of SpH2 is 
QspH, = c^''Rab + c^bR''a + cabR^'' (3.24) 

+C+i?+ + C+aR+'^ + C+^R+A + C_i?_ + C^aR-^ + C-^R-A 
-CA^c+Bb+^ + 2cabc+-^&+^ + ca^c+H+b - 2C^^C+Ab+B + -C+AC+^6+ 

-CA^C^Bb^^ + 2cABC-^b^^ + CA-^C_^6_ij - 2c^^C_Ab-B + ^C_AC-^6+ 
1 A, 1 A. 

+ -c_ac+ 0_ + -^c+aC- b- . 

3.3 Nonstandard BRST operator 

Let some operators form a "closed algebra" 

[Pc.,Pp] = 4>lp{R)P, (3.25) 

where both Pa{R) and "structure functions" (flp{R) belong to U{R). In general, that 
satisfy (I3.25p allows one to look for a nilpotent BRST operator of the form 

Q = c^p.-IJ2 €\::to.^,. (R) • • c^-c--^^ b^,... , (3.26) 

n>0 

where ghosts c" and 6q, obey (12.20 , 0^^^ are the "structure functions" of (I3.25P and 
(t>^\"'^r^ ^ (R) for n > 1 are higher structure functions. 

The nonstandard BRST operator Q^, i.e. the nilpotent operator 

= (3.27) 

of the form ( 13.260 with some nonzero higher structure functions, constructed in [Ij from 
5pf)r generators Ra, is 

r 

+c\c^cb^A - 2c\cAcb^'^ + 2c\c^%Ac - ^c^^'cncb^A 



r T 

- Yl CA^CjBh^ + (2c^^CAB6,+2c^^9B&,i?iA + 4c^^CAC&i''i?,S 

i=i j=i 
-Ac^^CBcCjAbjbf - Ac'^^CAcCBEbj^bj^^ , 
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where 



r 

Pab = Rab — J^i ^RiARiB , (3.28) 

i=l 

form a "closed algebra" with nonzero commutation relations that follow from (13.171) 
and fl3A8|) 

[P^B,P%] = S^P^E-S^P'^B, 

[Pab^P''''] = S^'Pb'' + S^'Pa'' + S^Pb'' + 6^Pa'' + J2''''^P^(^aSb'' + S^6a'') 

j 

- Y: ^-'A^aR^bP,'' + S'^R.aP,'' + S^R,bP,'' + S^R,APn , 
j 

[Pab,P''c] = S^Pbc + S^Pac, 
[Pab, Pj^'] = {^aRjb + S'^RjA)Pj , 

[Pi,pf] = sEpf. 

Specifically, in the case of r = 2 with ui = — z/2 = z/ the generators Pa of ^2 ( 13.28^ are 

P ■ pA — _L pMB _ oMB jdA _ tdA p _ d p _ d ,, 

Pab = Rab-^^-^R+aR-b. (3.29) 



4 Standard oscillator realization of the 
nonstandard BRST operator 

The appearance of the nonstandard BRST operator in [1] was a kind of mysterious and 
looked nontrivial. Here we show that it admits a very simple, although nonpolynomial, 
equivalent form resulting from the oscillator realization of sp{2M). 
Let 

tiab = RaRb , 7^p^ = n^p = ^RpR^ + ]^r^Rp , 7^*^^ = r^^r^ , 7^ = i? , (4.1) 

where Ra and R are vector fields of the Heisenberg algebra \] C spp), that satisfy 

[RB,R^] = 5tR. (4.2) 
Denoting the indices of sp by single calligraphic letters ^ , i3 , . . . , we have 

[nA,nc] = fAc'^RTiv, (4.3) 

with the structure coefficients f^c to be read off Eqs. (I3.17p . (I3.18p . This is nothing but 
the standard oscillator realization of sp{2M) [23] provided that the central element R 
takes some fixed nonzero value, which is indeed true for the Qr closed elements as follows 
from Eq. fl3:28|) at Vi ^ 0. 
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Since R is nonzero, it is eligible to introduce operators T_a = R ^TI^a '■ 
Tab = R'^RaRb , Tp^ = p = R-^^ {RpR^ + R^Rp) , T*^^ = R-^R^^R^ , (4.4) 

that have the following commutation relations among themselves and with the vector 
fields of Sp{2M) 

[Ta,Tc] = fAc'^Tv, (4.5) 
[Ra,Tc] = fAC^Tj,. (4.6) 

As a result, the operators 

Ka = Ra- Ta (4.7) 
also fulfill the commutation relations of sp(2M) 

[KA,Kc\ = fAc''Kv (4.8) 

and commute to all vector fields of the Heisenberg group 

[Ka.Rb\=Q. [ir^,i?^] = 0, [Ka,R] = Q. 

From here it follows nilpotency of any Q of the form 

Q = Qk + Qh, Q' = 0, (4.9) 

where Qk has the 5p(2M) canonical BRST form for the operators Ka 

Qk = c^'^Kab + c^bK^'a + cabK^'' + (4.10) 

and Qh is any BRST operator built from the Heisenberg vector fields. In the case of 
interest we set 

Qh = caR'^ + c{R-v). (4.11) 

It turns out that the nonstandard BRST operator of [Ij is related to Q (14. 9 p via a 
canonical change of variables that preserves the commutation relations between the ghost 
variables and vector fields. The new realization of the nonstandard BRST operator via 
the oscillator realization of sp(2M) not only fully explains its origin, but also simplifies 
the relation of the BRST form of the dynamical equations with its unfolded formulation. 
Indeed, the unfolded equations, that result from the construction of Section [2l apphed to 
the BRST operator (14.101) . are 

Df = (d- R-^u^^RaRb - R'^^uj^b{R^Ra+R^Ra) - R'^ojabR^R^^ f = 0. (4.12) 

At i? 7^ 0, these are just the Sp{2M) invariant unfolded equations proposed in [2] where 
the u dependent terms were interpreted as the Sp{2M) connection in the Fock module. 

A somewhat unusual feature of the new operator Q is its nonpolynomiality in R, that 
was not allowed in the analysis of [T] . Hence the explicit form of the relation between the 
two BRST operators is rather involved and also nonpolynomial. 
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5 Closed forms from BRST cohomology 



5.1 General case 

Here we consider a coordinate independent realization of the closed forms that underly 
the construction of HS currents of [B] and [in], using the correspondence between unfolded 
and BRST formulations discussed in Section [2J 
Let Qb and Q be two nilpotent operators 

g| = o, g^^o, (5.1) 

where is a canonical BRST operator associated to some group B G G while Q is not 
necessarily canonical. 
Consider an element 

F = nf, (5.2) 

where Q belongs to the algebra A generated by R, c and b, to which Qb and Q belong, 
and has a nonnegative ghost number p, while / belongs to a left A-module and satisfies 
the conditions 

Qf = (5.3) 

and 

baf = 0. (5.4) 

Eq. (15. 3p is the dynamical equation obeyed by / while Eq. (15. 4p implies that / is c- 
independent and hence should be interpreted as a zero-form in the unfolded formulation. 
From the equations (15. Sp and (15.40 it follows that 

Paf = 0, Pa = {Q, &4 . (5.5) 

These are the independent equations encoded by the equation (15. 3p . 

We will refer to Q and / as a p-form and 0-form, respectively, since they become those 
in the unfolded interpretation of the model. In addition it is required that, by virtue of 
Eqs. dEl and 

QbF\^ = 0, (5.6) 

for some submanifold A/'of G. In accordance with the general analysis of Section |2l this 
implies that, for any orbit Ob of B in G, the pullback of the p-form F = Qf to Af f]OB 
is closed provided that the zero-form / satisfies its field equations. This acquires the 
interpretation of the current conservation once / is expressed via bilinears of some other 
fields C as in the examples of Section |6l 

Now, let us discuss the freedom in the definition of F. First of all, to describe a 
nontrivial charge conservation, F should belong to Qb cohomology on N. Indeed, from 
the analysis of Section [2] it follows that Q^-exact F leads to an exact form on A/'f^O^, 
hence not contributing to the integrated charge. 

Another ambiguity originates from 

F,iVi)=Vi^f, (5.7) 
where rji is a Qb closed element of ghost number zero 

[Qb,Vi]=0- (5.8) 
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Clearly, Fi{rji) satisfies all conditions on F. Note, however, that not every Qb closed 
•qi leads to a nontrivial result because some contributions may vanish by virtue of the 
equations fl5.3p and (15 ■4p . 

Alternatively, a Q closed rir of ghost number zero makes it possible to define 

FriVr)=^Vrf, (5.9) 

where 

[Q,Vr]=0. (5.10) 

The meaning of r/r is simple. Various rir describe genuine symmetries of the equation 
Qf = just mapping one solution to another. Their interpretation is less trivial in terms 
of the rank one fields Ci and C2 used to compose a rank two field / ~ C1C2 that leads 
to nontrivial charge conservation in the rank one model. In this case the insertion of 77 
affects essentially the form of the bilinear current, leading to different conserved charges. 
From this point of view, f] describe symmetries of the rank one field equations induced by 
the conserved currents upon quantization. More precisely, symmetries of rank one fields 
are described by the Qb cohomology of the space of Frirjr) U Fiirji). As shown in the 
next section, in the cases of interest the ambiguities due to rji and rjr are equivalent, i.e., 
FriVr) = Fi{r]i). 

Another benefit of introducing parameters rj into the definition of conserved charges 
is that they allow us to extend them to a larger space. Suppose for simplicity that (15. 6p 
is true for any Af, i.e., N = G. The equation (15. 6p then implies that dsF = on G. This 
allows us to integrate F over submanifolds of any orbit of i? in G (e.g., of B itself). 

Let us introduce an operator that solves the equation 

QgIIb='^bQb. (5.11) 

For any r^;, the form 

^ = VG^f. ^€ = "^3^1 (5.12) 

is Qg closed since 

QcriG = VgQb : QgVg^ / = . (5.13) 

It should be stressed that it is not a priori guaranteed that the equation (15. lip admits 
a global solution on G. This construction is useful to relate conserved charges that 
may result from integration over close surfaces in G which usually give equivalent results 
modulo redefinition of the symmetry parameters rj. In fact, the relation between different 
parameters is just governed by the equation (15. lip that leads to different restrictions of 7]g 
to different surfaces in G. Also let us stress that, contrary to the equation (15. 8p . the first 
of the equations (I5.13P is not solved by rjc = const, i.e., the equation (I5.13P reconstructs 
appropriate dependence of rjc along the directions transversal to orbits of B. Also note 
that, for different subgroups B, this procedure may lead to different results related by a 
redefinition of rj. 

5.2 Nontrivial symmetries 

The conserved currents of [6l |T6] bilinear in HS fields in the generalized matrix space-time 
AAm depend on constant parameters rj^^-^" Ai...a^ associated to different HS symmetry 
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parameters. Let us show how these parameters result from the general construction of 
the previous subsection. 

First of all we observe that in our construction Qbi Q and f2 are built from the right 
SpH2 vector fields R^- Hence, any parameter i] G U2{L^) composed of the left SpH2 
vector fields obey the properties of both rji and rir which, in turn, should be identified 
within this class because commute to Q. 

However, the space of effective symmetry parameters is smaller than U2{L^) because 
some of ?7 G U2{L^) act trivially on / that satisfy the equations (15. 5p . In other words, 
some elements of G U2{L^) can be represented in the form 

V = J2a,{x,d)P^ (5.14) 

where G ^2 (I3.29P and a{x,d) are some differential operators on G. Since $i(-P) 
commute to L^, the space / of forms a two-sided ideal of U2{L^). The quotient algebra 
S = U2{L^)/I describes true symmetries of the space of solutions of the equations (15. 5p . 

Let S^^{x) relate the right vector fields Ry of a Lie algebra q of some Lie group G to 
the left ones , 

= S^'^{x)Ru. 

Clearly, in any coordinates x'^ on G, 

Sj{x) = L^^{x)R-^^^{x), where Lp = Lp^—-, Rp = Rp^ 



From the Lie algebra commutation relations and mutual commutativity of left a right 
vector fields it follows that 

[R>. , Sj] = -f, x^So.^ , [L, , 5/] = /, p ^^5/ , -fp," 5/5/ = /,/5/ , etc. (5.15) 

It is convenient to use the short-hand notation 

Ra = {Ra , R^) , Rab = {Rab , R^b , R^^) , La = {La , L^) , etc. 

Let us now consider the case of SpH starting with the relations between the vector fields 
Ra, -R (l3.15p and La, L (l3.16p listed in Section 13.21 in the particular coordinates (13. 4p . 
(13. lip for the case of r = 1. 
One can see that 

La = Sa'Rb + SaR, L = R, (5.16) 



Sa'= [ ) , Sa= ( ] . (5.17) 



where 

^ XV {A+ cvx) y ' ~ V 

It is convenient to use Eqs. (l5.15p along with (I3.18P to obtain 

[Rab ,Sc'^] = —Sc fab e"^ , [Rab,S,]=Q, [Rm,Sa^]=Q, (5.18) 

rp cl Q n r r • q b q ra r • q 

yj^m , "JaJ '~'a Jm n , J b m "Ja "Jc Jac ^ ; 
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where fac is defined via [Ra , Rb] = fac'R- Taking into account flS.lSp and antisymmetry 
of fac in and c, from fl5.16p it is elementary to obtain 

L{aLc) = Sj'S/R^bRd) + S(/Sa)RdR + SaScRR ■ (5.19) 

Denoting 

Q bd Q b Q d Q d C d Q Q CC 

T«,, = L-^L^aLb), = La, T« = L, 

T^'\b = R-'RiaRb), = Ra, TM = R 

and using that L = Rhj virtue of (15.161) . we obtain that for all spf) indices a, /3 

T(')„ = ^„^T(^'-)/3 . (5.20) 

Note that, as mentioned in SectionHl T^^'>a = Ta (14. 4p formspf), as well as T^'^q,. Moreover, 
analogously to i^iEj, dM]) 

[TM„,TM;3] = [i?,,TM^] = /,^^tW^, (5.21) 

[T«„,tM;,] = [L„,TM^] = [T(\,i?^]=0. 

As a result, it follows that S'q,^ (15.161) . (I5.20p satisfy (15.151) where fa-y^ are spf) structure 
constants. Indeed, from (15.201) along with (15.211) it follows for example that 

[i?^,T(\] = i[R^,Sc,^] + Sjfyi,nT^'\ = 0, 
Therefore the vector fields 

La = SoP Rp 

satisfy spf) commutation relations and commute to R^. Hence, La form left vector fields 
on SpH. Recall that, by construction. La = La and L = L. 
As a result, from (KM and (ICTD it follows that 

K^'Kb = Sab"'Kc,, where K^'\b = Lab - T^'\b , Kab = Rab - T^'Kb ■ (5.22) 

Since Kab annihilates solutions of (15.50 . K^^l G /. Hence the symmetry algebra S is 
generated by L^. This result extends to any rank r. 

5.3 M— forms 

Consider the Lie algebra spf)2 and associated ghosts (I3.22p . Let 

^ = ^^a....Am(c^^^^^-Bi + ^c/^i?_). . .(c^-^-i?_B,, + ^c/-i?_) = (5.23) 
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where sb^...Bm is the totally antisymmetric Levi-Civita symbol and " ± " variables of 
spf)(2M)2 are defined in f lrio]) and fl3:23|) . 

The minimal subgroup B of SpH2 that allows to consider the form f l5.23p is T <Kii{y+), 
where T is the Abelian subgroup of translations f l3.5p while ii{y+) is the subgroup of 
Hm X Hm with the coordinates y+^, introduced in f l3.19p . The respective BRST operator 
is 

Qb = c^''Rab + c+^R+a= (5.25) 
c^^'Pab - i^-'c+^R+aP- + Aiy-\c^''R_B + ^c+^R-)R+a , 

where Pa are given in (13. 29^ . 

Let from now on / be a ghost independent and Q2 closed function 

Q2/ = 0, (5.26) 

where Q2 is the nonstandard BRST operator (I3.28p . Since [Qs , fi] = 0, flf turns out to 
be Qb closed as a consequence of (15.50 and the fact that {c^^R-b + \c+^R-)'^^^ = 0. 
Let any B C SpH2 such that 

Qb^J = 

be called closure subgroup. The maximal closure subgroup turns out to be SpH^ = 
SpH (EH(?/_|_ , M+ , w_|_), where H has coordinates {y+ , u+ , w+) (13.190 . The corresponding 
BRST operator is 

QspH+ = c^^'Rab + c^bR^'a + cabR^"" + c+i?+ + c+aR+^ + c+^R+A (5.27) 

+ C^BC^C&S - ^C^^CBch'^A + 2c^bC^^6aC - 2c^BCAch^'' 
-CA^C+Bh+^ + 2cABC+^h+^ + CA^C+H+B ' 2c^^C+Ab+B + ^C+AC+^b+ . 

Indeed, using the relations and (I3.29P we obtain 

{QspH^ , c^'^R-D + = -2c^^c^^i?_^ + CB^(c^^i?_D + (5.28) 

and 

QsphJ = 4 z/-^(c^^i?_ij + ^c+^R.)R+Af - c^Af . (5.29) 

From here it follows that QspH+^f = 0. Clearly, any subgroup of SpH+ that contains 
the minimal closure subgroup T (EH(y_|_), like e.g. Pu <Eii{y+) and Pu (EH(?/+ ,w+ ), 
is also a closure subgroup of Qf. (Recall that Pu is the upper parabolic subgroup of 
Sp{2M\R) dM]).) 

Using Eqs. (I2.14p . we obtain from (I5.24p that 

Qsnf = o^d\^ nf = o, (5.30) 

where is the exterior differential on B, 

^Si^i A ■ ■ ■ A 0;^'=^'= A w+^'^+i A ■ ■ ■ A R^b, ■ ■ ■ i?_B,(i?-)^'^"^ 
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and u are Cartan forms on B. In Section [67T| we show that the pullback of the form Vt to 
T (EH(?/_|_) C SpH2 reproduces the conserved current of [LQl provided that / is bihnear in 
solutions of rank one field equations. The form Qf provides the coordinate independent 
generalization of the conserved HS currents of ITB]. 



5.4 3M- forms 

The correspondence between conserved HS currents in four dimensional Minkowski space 
A^4 and those in the ten dimensional matrix space A^4 was established in [16]. Since 
the charge in Ai^ contains four integrations versus three in Minkowski space, the naive 
reduction with fourth integrations over a cyclic spin variable in A^4 gives zero. To make 
the cycle noncontractible, a singularity (flux) should be introduced in the spinning space. 
It was suggested in [16] to use for this aim a generalized 2M— form current. This was 
achieved by introducing additional spinor variables W. The corresponding currents were 
of the form 

{dW)^^{WdX + dY+)^^r]{W, WX + Y+)g{W, F+| X) , 

where the parameters 1] were arbitrary functions of WX + Yj^ and W while g{W, Y+ \ X) 

d 

was related to the stress tensor via the half Fourier transform that replaced — — by W. 

oY_ 

This generalization allowed us to consider singular parameters t] necessary to reproduce 

the standard 4d currents in Minkowski space, that was hard to achieve in the original 

d d 

M— form current [6], where parameters were polynomials of 'gy' ^'^'dY 

However the geometric meaning of the construction, and, in particular, of the half-Fourier 
transform was not clear in the setup of [16]. Here we introduce a geometric 3M-form 
current construction that reproduces that of [16]. In the new setup, the half- Fourier 
transform results from the integration over additional M coordinates. 
Consider 

A = fc_^c+Aj (5.32) 

where Vt is of the form (15.231) . 

The minimal subgroup of SpH2 that supports the form fl5.32p is 

B = T^Uiy^,w+,u+ ,y.,u.), (5.33) 

where T is the Abelian subgroup of translations fl3.5p while H(?/+,w+,m+ ,y_,u^) C 
Hm X Hm has coordinates (?/+ , w+ ,u+ ,u^) fl3.19p . 

The respective BRST operator Qb can be written in the form 

Qb = c^^Pab - v-^c+'^R+aP- + cbP^ + C+P+ + c_i?_ + c_^/?_a + (5.34) 



where are given in fl3.29p . 



One can easily see that Qb , (c_^c+^) 



, M 



and 



QbA/ = vc^M (5.35) 
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provided that ghost a independent / satisfies (15 .Sp . 

Note that the property (15.351) holds for a larger group = Pu <xH(y+ , , n+ , y_ , uJ 
where Pu is the upper parabolic subgroup (I3.6p . The group Bu is maximal in the sense 
that further extensions lead to additional terms on the r.h.s of (I5.35p . 

Again, using Eqs. (I2.14p along with (I5.24p . we obtain that 

QB^f = lyc^Af ^ rfL A / = uc.Af , (5.36) 



\B 

where c^j^ is the exterior differential on B, 

Af= (u;-VA)''f^/, (5.37) 

Q is of the form (I5.3ip and u are Cartan forms on B. 

Although the property (I5.36P does not imply the closure of the 3M-form A f on B, 

it is closed on any submanifold N oi B such that ( W-'^w+a ) = 0, i.e., A/" is a 
kind of Pfaffian surface . This property will be used in Section to construct conserved 
currents. 

In fact, the formulas (15. 36 p . (I5.37P have the following interpretation. Consider the 
construction of Section 15.31 with the 2M-form parameters that satisfy the conditions 

c:!0 = , 0c:! = , 0C+ = , c:^0 = o (5.38) 

and 



Then, the 3M form 
turns out to be closed 



[Qb , 0] = -^^c_0 . (5.39) 

^ = 0fi/ (5.40) 

Qb^ = 0. (5.41) 

Here the equations (I5.38p imply that \1' contains a factor of ( c+^i 1 while the equation 

(I5.40p determines the dependence of on the central charge coordinate U- in such a way 
that the form ^ becomes closed. Note that this construction is to some extent analogous 
to that described in the end of Subsection 15. 1[ 



6 Bilinear currents 

To show that the differential forms Q{ri,f) and A(?7, /) introduced in Section [5] lead to 
bilinear conserved currents of [H [TB] we need manifest expressions for the Cartan forms 
on SpH2- The straightforward computation gives 

u;^^ = —Vc^VE^'dX^'' , (6.1) 

ucD = —-^CcBC'DAP'c^'P'E^dX^^ — Ccb'P' o'^dA^ A + -dCcD , 
u;/ = -VB^'dy+^' + VB^X^'^dw+c. 

U+B = -CBAVD^dy^'' + {A''B+CBAVD^X'''')dw+c . 
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11111 

w+ = --w+Bdy+^ + -y+^dw+B - -w-sdy-^ + -y-^dw-s - -^du+ , 

= -VB^dy."" + VB^X''^dw_c, 
UJ-B = -CBAVo^dy.'' + iA^'B+CBAVD^X''^)dw.c, 

X tR'^Rt T A// A/ T T 

a;_ = --w+Bdy- + -?/+ - -W-Mdy+ + dw+M - 2'^"-- 

Let us consider the cases of M-forms and 3M forms separately. 

6.1 M— forms 

To obtain the manifest formula for f2(?7, /), note that the general solution of rank two 
equations (15. 5p is 

/ = det(^) exp (^z/(2^i- + + w+bY-''))f{Y+ , (6.2) 



where 



\^ B B vBA 

y± =y± - w±aX 



and -F(y+ , ^-|-^) is any solution of the equation 



^ +^--'i^1^)f = 0. (6.3) 



Using (16. ip along with (I3.20p and (16. 2p we obtain from (I5.3ip 

^ivJ) = 2-'^[dX^^^-^-u{dY^^+^-w^BdX^^)y\ (6.4) 

exp (^^u{2u.+ w.bY+^+ w+bY^'')^F{Y+ , Y_\X) , 

where ?7 is a free parameter of HS symmetries. That the expression (15.310 is independent 
of the coordinates Aa^ and Cab is not accidental, being a consequence of its QspH+ 
closure. 

To make contact with the bilinear currents of |6j, consider B = T (Zii{y+) C SpH2. 
Then 

^ivJ) =2-''(dX^^—^--udy^^) r^F{y^,y_\X) . (6.5) 
B \ ay- 2 / s/_=o 

As mentioned in Section 15.21 . rj is a. polynomial in the operators 

1 1 

L+A = —T^A R+B — CbcT^a R+ — ^'^+aR+ — -R-W-A, 

L^^ = +x^^Vc^R_,^ + a^eR^"" + Vc^CebX^'^r^'^ + \y+^R+ + \R-y-^. 

L-A = -Va^'R-b-Cbc'Da'^R.'' -Kv-aR+-\R-w+a, (6.6) 

^_A ^ +x^cVc^R_^ + a^'eR-'' + Vc^CebX^'^r.'^ + \y-^R+ + \R~y+^ , 
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that can be obtained using fl5.17p . Modulo fl3.29p . the pullback to B gives 

L+a\s = -R+A, L+^\s = X^'^R+B + liyy-"". (6.7) 

It is easy to see that L+a and (16. 7p lead to exact forms on B. Indeed, since 
{Qb ,b+A} = R+A, the i?+ dependent part of rj is exact. Analogously, setting = 
X^^b+A, we have {Qb,^^}]^ = X^^R+a + c'^^h+A and hence 

{X^^'R+A + c^^&+a)^^/U = Qb'^'' (6.8) 

for some T^. As a result, effective parameters depend only on L_. Using 06.61] and 
neglecting the terms, that belong to the annihilator / generated by (13.291) . we have 

L^a\b- -R-a - l^w+A, L_^\b - X^^R^B + \i^y+^ . (6.9) 
Finally, using (I3.20p we conclude that nontrivial parameters are arbitrary functions of 

Setting F = C+ C~ (^^|a:) , where C^{y\X) satisfy the rank 1 unfolded 

equations 

^-.^-'Tr^]c^{y\X) = Q, (6.11) 



dX^^ 2 dy^dy^y 
we obtain from (16. 4p 

0(,,/) = 2-^(dX-^-l.d,,-)"(^,X-^-l.,/^ (6.12) 
which, up to a constant, is the bilinear current of 

6.2 3M- forms 



In [in] we introduced the generalized 2M-closed forms which allowed us to reproduce the 
usual HS charges of Minkowski space. However, neither geometric meaning of the M 
additional coordinates nor the origin of the half-Fourier transform applied in [T6] was not 
clear in that paper. Here we show that the 3M form (15.370 of Subsection 15.41 naturally 
reproduces the results of [16] . 



Let A/" = T {EH(y+ ,w+,u+ ,y_, m_) . Using dHU) along with (l3:20|) and (Q, 

M_ =const 

we obtain from (I5.37P 

A{v,f)\^ = 2-''[dX^^^-^u{dY^^ + ^w^BdX^^)y X (6.13) 

(dy^^dw+A) V exp (^-w+By-'')F{Y+ , Y^\X) . 

Here F = F{Y^ , 1^-|X) is any solution of (16. 3p and r] is a. function of L± (16. 6 p up to the 
terms that belong to the annihilator / generated by (I3.29P . Using that 

u_(dy^^dw+A) ^ = (6.14) 
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by virtue of (16. ip we obtain that 

dKf\j^ = for any Q2 closed / . (6.15) 

Analogously to the case of M— forms of Subsection 16.11 one can see that the dependence 
of the parameters on Lj^^ and Lj^a leads to exact forms. 
Consider the family of surfaces M of the form 

U = R^\y-) X R^\w+) X , (6.16) 

where (J(m) is any M-dimensional surface. In other words, we consider only such surfaces 

/ X A/ 

that their volume forms contain ( dy^^dw+A ) ■ 

It can be shown that all terms of the form A(r7 , /)|_y^, that contain ^ , are exact on 
M. Indeed, it is evident that 

eA,...A^ dy^\..dy^''^<^ = Md (^6ba,...a^ dy^\ . . dy^^' 

provided $ is any form on R^{y) x A{x) . Hence, from (16.130 we obtain that 

^(^'/)|^ ~ -^[dy.^dw+A) [dY+^ + -w+BdX^^) x (6.17) 

7] exp (^^^K + \w+By~''))F{Y+ , y_\X) , 

where rj is a, function of the operators L± (16.61) modulo (I3.29p and modulo terms that 
d 

contain 7- — -. From (16. 9 p , (13.211) and (13.201) it follows that the 'effective' parameters are 
oy-" 

functions of 

L-A ^ ~i^w+A, L^^ ~ X^^^z/w+A + ■ 

This leads to the expression for the current used in [16] upon complexification to the 
Siegel space. The half-Fourier transform results from the integration over y^. 
Indeed, setting 

U- = 0, -ih=\v, F(F+ ,2/-|X) = C+ (^±±y-\x^ C- (^^^1^ 

where C^(y|X) satisfy the rank one unfolded equations (16. lip , the integration of (16.170 
over y_ gives 

t^2^^ ~ [dw+A) [dY+'' + -w+BdX^^^ r^F{Y+,w+\X), (6.18) 
where F{Y^ , w^\X) is the half-Fourier transform of F{Y^ , y-\X) 

F{Y^,w+\X) = {2n)-^'/' jidy^)'^ exp {-^ h w+By-"") F{Y+,y^\X) 

and r] = r]{w+A, \X^^Wj^a + ^+'^)- Up to a constant, the equation (16.181) reproduces the 
bilinear 2M-form current of [TBI. 
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7 Conclusion 



The construction of currents presented in this paper not only explains their coordinate- 
independent origin but also clarifies their role in the nonlinear unfolded theory. Indeed, 
the M- and 3M-closed forms of Section [5] are analogous to the terms that glue zero- form 
Weyl modules to the gauge-field modules via unfolded equations of the form 

dW + nf = or dV + Af = 0, (7.1) 

where / belongs to the Weyl module while W and V should be interpreted, respectively, 
as a (M — 1)- and (3M — l)-form on the respective group B. This structure, known since 
PU] . is typical for the unfolded field equations. 

In the context of 5*^(8) invariant HS theory analogous problem was recently considered 
in [15] where terms of this type were obtained in the sector of one-forms W. However, 
the deformation of HS field equations obtained in [15] breaks the symmetry between 
dotted and undotted spinors, i.e., GL{A) symmetry, and hence essentially differs from the 
equations (17.11) which provide a new interesting framework for the deformation of HS field 
equations. In the case where the rank two field / is represented by bilinears of the rank 
one fields C as in Section El the equations (17. ip become nonlinear and should describe 
the HS current interactions. Given that the realization of HS currents in 4c? Minkowski 
space of [16] was rather nontrivial, it is tempting to see how the standard HS current 
interaction reappears in terms of the twelve-form A. 
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